We construct a kappa-symmetric and diffeomorphism-invariant non-relativistic Dp-brane action as a non-relativistic limit of a relativistic Dp-brane action in flat space. In a suitable gauge the worldvolume theory is given by a supersymmetric free field theory in flat spacetime in p + 1 dimensions of bosons, fermions and gauge fields.
Introduction
Non-relativistic string theory [1, 2] is a consistent sector of string theory, whose worldsheet conformal field theory description has the appropriate Galilean symmetry [3] . Nonrelativistic superstrings and non-relativistic superbranes [4, 5] are obtained as a certain decoupling limit of the full relativistic theory. The basic idea behind the decoupling limit is to take a particular non-relativistic limit in such a way that the light states satisfy a Galileaninvariant dispersion relation, while the rest decouple. For the case of strings, this can be accomplished by considering wound strings in the presence of a background B-field and tuning the B-field so that the energy coming from the B-field cancels the tension of the string. In flat space, once kappa symmetry and diffeomorphism invariance are fixed, non-relativistic strings are described by a free field theory in flat space. In AdS 5 × S 5 [6] , the world-sheet theory reduces to a supersymmetric free field theory in AdS 2 .
In this paper we study the non-relativistic limit of non-perturbative supersymmetric objects of string theory. We study non-relativistic supersymmetric Dp branes in flat spacetime. The point of departure is to consider the world-volume kappa invariant action of a relativistic Dp brane in flat spacetime [7] [8] [9] [10] . Since the Dp branes are charged under the RR forms, we also consider its coupling to a closed p + 1 RR form, C p+1 . In this way we can find a limit where the tension of the wound Dp brane is cancelled by the coupling to the C p+1 field. Only states with positive charge remain light in the limit, while the non-positively charged states become heavy. We obtain a world-volume kappa symmetric action of a non-relativistic Dp brane. When kappa symmetry [11] and diffeomorphisms are fixed, the non-relativistic Dp-brane action is described by a supersymmetric free field theory in flat spacetime in p + 1 dimensions of bosons, fermions and gauge fields. This is the main result.
The paper is organized as follows. In section 2, we summarize the basic properties of kappa-symmetric relativistic Dp-brane actions in flat space. In section 3, we consider the nonrelativistic limit of relativistic Dp branes. The supersymmetry and kappa transformations are discussed in section 3.1. It is shown there how after the gauge fixing these transformations give rise to a rigid supersymmetric vector multiplet with the usual supersymmetry algebra. In section 3.2, we will specify to the case of a D string. While in other cases the Wess-Zumino (WZ) term is given implicitly as a (p + 2)-form over an embedding manifold, in this case the form of the WZ term is simple and we give it explicitly. We finish by some conclusions and an appendix with conventions.
2
Relativistic Dp branes
The action for a relativistic Dp brane propagating in flat space 1 is [7-10]
G ij is the induced metric constructed from the supertranslation invariant 1-form
F ij is constructed from the two form F = 2πα ′ F − b, which is written in terms of the field strength of the Born-Infeld (BI) field, A, and of the pullback of the fermionic components of the B field in superspace. L WZ = Ω p+1 is the WZ term. Since the expression is complicated 2 , it is useful to introduce a (p + 2)-form h p+2 such that
For type IIA Dp branes (p even), the forms are given by
where T p is a p form. To define it, we introduce the formal sum of differential forms
where
The Dp-brane action (2.1) is invariant under the supersymmetry transformations 8) and under the kappa transformations
The explicit form of the WZ term is given in [12, 13] .
The (p + 1)-form ρ p+1 is defined [7, 8] by the formal sum
For the type IIB Dp branes (p odd) we have
and
where ψ is defined in (2.7). The supersymmetry transformations are given by
The kappa transformations are
and ρ p+1 is defined as a (p + 1)-form given by
where C B is
We can switch on one more coupling in the world-volume consistent with all the symmetries of the Dp-brane action. From the spacetime point of view, it corresponds to turning on a closed (p + 1) RR field, which does not modify the flat supergravity equations of motion.
where L C p+1 = f * C p+1 is the pullback of C p+1 on the world-volume (for more details see below).
Non-relativistic Dp branes
In this section we derive the action for non-relativistic Dp branes. The non-relativistic limit of strings [1, 2, 4] is obtained by decoupling some charged light degrees of freedom that obey a non-relativistic dispersion relation from the full relativistic theory. This is achieved by rescaling the world-volume fields with a dimensionless parameter ω and later sending the parameter to infinity. This limit implies that the transverse oscillations are small. For the case of Dp branes we should do the following rescaling
where X m has been split in X µ and X a . The X µ are the coordinates of target space parallel to the brane and X a are the transverse coordinates. The NR gauge field strength is
The scaling of the fermions depends on the splitting of the fermions due the matrix Γ * :
The expression for Γ * is
for type IIA Dp branes and
for type IIB Dp branes. τ 1,2,3 are the Pauli matrices. Γ * appears as the first term of the non-relativistic expansion of the matrix Γ κ appearing in the kappa transformations as will be shown below. Properties of the projected spinors are given in the appendix. In order to compute the non-relativistic limit we should see how the forms involved in the action rescale under (3.1). The supertranslation 1-form (2.2) scales as
where we have introduced
The form F scales as
where for IIA
In order to have the expressions for IIB, we should replace Γ 11 by τ 3 . Throughout the analysis, we keep ω large but finite in the intermediate computations and only send ω to infinity at the end. Therefore, we keep explicitly terms in the action that scale as positive powers of ω (which look superficially divergent) and terms that are independent of ω (which are finite). We drop terms that scale as inverse powers of ω because they cannot contribute when taking the limit at the end of the analysis.
The NG part of the (2.1) becomes after the rescalings
The finite contribution is given by
We use the vector signs to indicate sums over the transverse space components. The superficially divergent contribution, written as a form, is given by
Now we consider the scaling of the WZ term. For the IIA case we have
First, we analyse the superficially divergent term. This term comes from the expansion of the term in h p+2 that contains ψ to the power p.
We note that
As the last term involves only terms with fermions, this cancellation removes the terms with fermions in L div NG . There remains the purely bosonic term in L div NG , which is e 0 · · · e p . Therefore, the potentially divergent term of L div GS is e 0 · · · e p , which is a total derivative. This term can be cancelled by turning on a closed RR C p+1 form, given in (3.1), which only leads to the following potentially divergent term
Note that all the positively charged states are light. All states with non-positive charges become infinitely heavy and decouple.
The finite part of the action of a NR Dp brane is
where Ω
p+1 is the non-relativistic WZ term. It has a complicated expression that we give below for the case of D1. In general, it verifies dΩ
p+2 , where
and the dots indicate terms with dependence on θ − .
Supersymmetry and kappa transformations
The relativistic Dp-brane action (2.1) is invariant under the supersymmetry (2.8) and kappa transformations (2.9) for type IIA and (2.16) and (2.17), respectively, for type IIB. In order to obtain the non-relativistic counterpart of these transformations that leave the NR Dp-brane action, (3.17), invariant, we should rescale the supersymmetry parameter
and the kappa parameter
We also need the expansion of the kappa gamma matrix,
where Γ * was introduced before in (3.3) and, for type IIA,
The symmetries of the non-relativistic lagrangian are a consequence of the symmetries of the parent relativistic theory and the fact that the divergent term of the non-relativistic
WZ , is a total derivative or is absent when we introduce the coupling to the RR C p+1 form (3.16).
The supersymmetry transformations of the NR Dp-brane action for type IIA (3.17) are given by
The action (3.17) has also the NR kappa symmetry
From (3.24) we see that θ − is a gauge degree of freedom that can be eliminated by choosing θ − = 0. In this gauge we can explicitly integrate the WZ term. The action for a nonrelativistic Dp brane in diffeomorphism-invariant form becomes
where g ij is the inverse of the induced metric g ij = η µν e µ j e ν j . This lagrangian is interacting since the longitudinal scalars x µ (σ) are coupled to the transverse scalars X a (σ) and the dynamical fermions θ + (σ) via the induced metric g ij . The gamma matrices γ i are the pullbacks of the gamma matrices in spacetime, γ i = e µ i Γ µ . In the static gauge (x µ = σ µ ), this theory becomes a supersymmetric free theory in a flat spacetime of scalars, fermions and gauge fields.
Once kappa symmetry is fixed, sixteen of the supersymmetries are linearly realized while the other sixteen are non-linearly realized. The non-linear realized supersymmetries are generated by ǫ + , while the linearly realized supersymmetries are induced by ǫ − . The transformations are
For type IIB Dp branes we obtain the same expressions as for IIA but with the substitution of Γ 11 by τ 3 , at this point we should note that the substitution must be done before any commutation of Γ 11 with any other Γ. The only exception is the kappa symmetry transformation for the spinor θ + (3.24), which is written for the IIB case as
Consequently, the residual transformation is
The linearly realized supersymmetries represent the transformations of a vector multiplet with 16 real supersymmetries in p + 1 dimensions. The formulae (3.27) and (3.29) give a uniform way for writing these vector multiplet transformations in any dimension using D = 10 notation.
D1 string
In this section we will consider explicitly the case of D1 strings. This case is interesting because we can write explicitly the non-relativistic Wess-Zumino term, since we can easily integrate the h 3 form given by (3.18) , and therefore we can write explicitly the kappasymmetric form of the non-relativistic D1 string action.
For the D-string we have Γ * = Γ 0 Γ 1 τ 1 . As in the general case, we obtain a divergent term for the WZ part, which we can write explicitly as
This divergent term can be cancelled by turning on a closed RR C 2 form (3.16). The finite part of the kappa-symmetric form of the action is
If we choose θ − = 0 and the static gauge, the action becomes
The residual supersymmetry transformation is given by (3.29) for p = 1.
Conclusions
Non-relativistic superstrings and Dp branes describe a consistent and soluble sector of the full relativistic string theory. In this paper, we derived the world-volume theory of nonrelativistic supersymmetric Dp branes in flat spacetime. This is achieved by considering a suitable non-relativistic limit of relativistic wound Dp branes. The branes are charged with respect to the C p+1 RR form, and we fine-tune the coupling in such a way that the tension of the Dp-brane in cancelled by the RR coupling. This is the cancellation of the superficially divergent terms in the action. It is important to notice that kappa symmetry is crucial for this cancellation. The balance between the NG part and the WZ part of the action needed for kappa symmetry is the same balance that is necessary for combining these superficially divergent terms in a total derivative. Then this total derivative can be cancelled by a closed C p+1 form. Once all the gauge symmetries of the non-relativistic Dp-brane action are fixed, the worldvolume theory reduces to a supersymmetric field theory of bosons, fermions and gauge fields in flat spacetime.
The non-relativistic string theory provides a new soluble sector of string theory where one could test the gauge/gravity correspondence. See [6] for a concrete proposal in the case of AdS 5 × S 5 . More in general, it could be interesting to study the non-relativistic sector of AdS branes, e.g. [14] . Joaquim Gomis acknowledges the Francqui Foundation for the Interuniversity International Francqui chair in Belgium awarded to him, as well the warm hospitality at the University of Leuven.
A Notation and some useful formulae where τ 1 can also be replaced by τ 3 . We define projections in (3.2), using the matrix Γ * defined in (3.3) and in (3.4) for type IIA and IIB, respectively. This matrix squares to . Here are some useful properties: Γ * θ ± = ±θ ± , type IIA :θ ± = ±(−)
type IIB :θ ± = ∓θ ± Γ * , Γ * τ 3 = −τ 3 Γ * ,
For the D1 string we can also use
Differently from [7, 8] the differentials and the spinors have independent gradings. Components of the forms are defined by 8) and differentials are taken from the left.
